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Overview
1. So many features!!!

2. Feature selection – choosing the best subset of 
variables

3. Feature extraction – merging components of variables



gggagggaggcacaggcgcttgctttgcaggagtcagctctgccttcctcggctggagtgtgggtggcttggtgagccggtggtcaggaattctctctcctccttgcaattttcctttct
gtctgggagcacgccaagatgtcccttgtgactgtccccttctaccagaagagacataggcacttcgaccagtcctaccgtaatattcaaacacggtacctgctggacgaatatgcgtca
aaaaagcgagcttccacccaggcatcttcccagaagtccttgagtcagcggtcgtcttcacagagagcctccagccagacgtccctgggaggaaccatctgcagggtctgtgcgaagcga
gtgagcacgcaggaagatgaggagcaggagaacagaagcaggtaccagtccctggtggccgcctatggtgaggccaagcgacagcgcttcctcagcgagctggcccacttggaggaggat
gtccacctggcacgctcccaggcccgcgacaagctggacaaatacgccattcagcagatgatggaggacaagctggcctgggagagacacacatttgaagagcggataagcagggctcct
gagatcctggtgcggctgcgatcccacaccgtctgggagaggatgtctgtgaaactctgcttcaccgtgcaaggatttcccacgcccgtggtgcagtggtacaaagatggcagtctgatt
tgccaggcggctgaaccgggaaagtacaggattgagagcaactatggcgtacacacactggagatcaacagggcagactttgacgacactgcgacatactcagcagtggccaccaatgcc
cacggacaagtgtccaccaacgcggcggtggtggtgagaaggttccggggagacgaggaaccattccgttcggtgggactcccgattggattgcccctgtcatcgatgattccgtacacg
cacttcgacgtccagtttttggagaagtttggggtcaccttcaggagggaaggcgagacggtcactctcaagtgcaccatgctggtgacgccggacctgaagcgggtgcagccgcgcgcc
gagtggtaccgcgatgacgtgctgttgaaagagtccaagtggacgaagatgttctttggagaaggccaggcctccctgtccttcagccacctgcacaaggacgacgagggcctgtacacc
ctgcgcatcgtgtctcggggcggcgtcagcgaccacagcgccttcctgtttgtcagagatgctgacccgctggtcacaggggcccccggtgcacccatggacttgcagtgccacgacgcc
aaccgggactacgtcatcgtgacctggaagccgcccaacaccaccactgagagccccgtcatgggctattttgtggaccgatgtgaagtaggaacgaataattgggtgcagtgcaatgat
gcaccggtgaaaatctgcaaatacccggtcacagggctttttgaaggaaggtcttacatattccgagtgagggcagtgaacagtgcgggcatcagccgaccctccagggtctctgatgcg
gtggctgcacttgaccccttggacctcagaaggttacaagccgttcatttggagggagagaaggagattgccatttatcaggatgaccttgaaggtgacgcccaggttccagggcctccc
accggtgtgcacgcttccgagatcagcagaaactatgtcgtcctcagctgggagccacccactccccgtggcaaggacccgctcatgtacttcattgagaagtcggtggtggggagcggc
agctggcagagagtcaacgcccagacggctgtgagatccccgagatatgccgtgtttgacctcatggaagggaagtcttatgtgttccgagtgctgtcagcaaaccggcatggcctgagc
gaaccttcggagataacgtcccccattcaggcccaggatgtgaccgttgtcccttctgctccgggtcgggttcttgcttcccgaaacaccaagacgtcggtggtggtgcagtgggaccga
cctaagcatgaggaggacctgctgggctactacgtggactgctgtgtggccggaaccaacctctgggagccctgcaaccacaagcccattggatacaacaggttcgtggtgcacggctta
accacgggagagcagtacatcttccgagtcaaggcggtcaatgctgtggggatgagtgaaaattcccaggaatcagacgtcataaaagtgcaggccgcactcaccgtcccgtcccatcct
tatgggattacgctcctcaactgtgacggccactccatgaccctcggctggaaggtcccgaaattcagtggtggctcgcccatcctgggctactacctggacaagcgtgaagttcaccat
aaaaactggcacgaggtcaattcctcacccagcaaaccgacaatcctaacggtggacggcttgacggaaggctcactctacgagttcaaaatcgccgccgtcaacctggccggcatcggg
gagccctcagatcccagtgagcacttcaagtgtgaggcctggaccatgccggagcccggtcctgcctacgacttgacgttctgtgaggtcagggacacgtccttggtcatgctgtggaag
gcccctgtgtactccggcagcagccctgtttctggatatttcgtggacttcagggaggaggatgctggagagtggatcactgtaaatcagacgacaacagccaaccgttatttaaaggtc
tctgacctgcagcaaggtaagacctatgtcttcagggtccgggcagtcaatgcaaatggcgtggggaagccctcagacacgtcggagcctgtgctggtagaggcgagaccaggcaccaag
gaaatcagtgctggtgtcgatgaacaaggcaacatctatctgggcttcgactgccaggaaatgacagacgcgtctcagttcacctggtgtaaatcctacgaggagatttcagatgatgag
aggtttaaaatcgaaaccgtgggggatcactccaagctgtacttaaagaatccggataaggaggatttagggacttactccgtgtctgtaagtgatacagacggagtgtcctccagtttt
gttctggacccagaagagctcgagcgtttgatggcattgagcaatgaaataaagaaccccacaattcctctgaaatcggaattagcttatgagatttttgataaggggcgggttcgcttc
tggctccaggctgagcacttatcaccagatgccagctaccgatttattattaacgacagagaagtctctgacagcgagatacacagaattaaatgtgacaaagctactggcattattgag
atggtgatggatcgatttagtattgaaaatgaggggacctacactgtgcagattcatgatgggaaagccaaaagtcagtcttctctagttcttattggagatgcattcaagactgtgctg
gaagaggctgagtttcaaaggaaagaatttctcaggaaacaaggccctcattttgctgagtacttgcactgggatgtcacggaagaatgtgaagttcgacttgtttgcaaggttgcaaac
accaagaaagaaaccgttttcaaatggctcaaggatgatgttctgtatgaaacggagacactgcctaacctggagaggggaatctgtgagctcctcatcccaaagttgtcaaagaaggac
cacggtgaatacaaggcaaccttgaaagatgacagaggccaagatgtgtccatccttgaaatagctggcaaagtgtatgatgatatgattttggcaatgagtagagtctgtgggaaatct
gcttcgccactgaaggtactctgcaccccagaaggaatacgacttcagtgtttcatgaagtattttacagacgaaatgaaagtgaactggtgtcacaaagatgctaagatctcatccagt
gagcatatgagaatcggggggagtgaagagatggcttggctgcagatatgtgagccgactgagaaggataaaggaaaatacacttttgagattttcgatggcaaagacaaccatcaacgc
tcccttgacctgtccggacaagcttttgatgaagcatttgcagaattccagcaattcaaagctgctgcttttgcagagaagaatcgtggcaggttgatcggcggcttgcctgacgtggtg
accatcatggaagggaagaccttgaatctgacctgcacggtgtttggaaaccctgaccccgaagtgatttggttcaagaacgaccaggacatccagctcagcgagcacttctcggtgaag
gtggagcaggccaagtacgtcagcatgaccatcaaaggcgtgacctccgaggactcgggcaagtacagcatcaacatcaagaataagtatggcggggagaagatcgacgtgacagtgagc
gtgtacaaacacggggagaagatcccggacatggccccgccccagcaagccaagcccaagctcatccccgcgtctgcctcagcggcaggccagtgaaggcgttttcctagcctggagatg
ggaaaatatgcttggcagagacaggaatgctgtgtgcttgttccaaatgagcagctggcatccgagtggtgtcctgtgtgggctgatagttgatcacacattgtgcttttgatttttgca
tttggtgatgaatattttatacccgtctaagggagaaagctaatgttttccacaagactgaacaacgtgtatttacacgagggtagacggcagatgcctgacagagagtgggttggcaga
caacacactagcattttcacgggtgtgggcacatgggtgtggcacctggacgtgtgcagcatgtggcggtctgtgtgaagccaccgtgcttctctttggggggccgcgagatctagcatc
tctgaaatcctggctgtcgaggctttgaagcatgtgttacctggttaagcttgttttctcttgctttaggcaaataaaagtttaaaaatcaaaaaaaagcattgagcaatgaaataaaga

So, let’s represent some DNA!
4



All possible degenerate characters of length 1 to (say) 10

{ A, B, C, …, V }

{ AA, AB, …, VV }

…

{ AAAAAAAAAA, AAAAAAAAAC, …, VVVVVVVVVV }

5

Reminder



So…

151 + 152 + 153 + 154 + 155 + 156 + 157 + 158 + 
159 + 1510

≅1510

≅ 5.8 × 1011

Hmmm.
6



Problem?
•An excessively high-dimensional 
set of features / parameters is:
●Computationally intractable
●Fertile ground for overfitting
●Hard to understand!

7



Curse of Dimensionality

8



REGULARIZATION
• In basic terms, one or more procedures that puts 

“pressure” on a model to be simple

• Need to BALANCE accuracy vs. complexity

• Super-super general form:

9

 



Dimensionality Reduction:
One ticket to model simplification

Classification technique
10

Define range of representations 
(e.g. 

compositional vectors up to size k, 
Markov models up to size m, 
structural features)

Identify individual features 
that are most useful for 

classification

Feature SELECTION

Extract essential shared 
components from sets of 

features

Feature EXTRACTION



11Saeys et al (2007) Bioinformatics
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‘Filter’ Methods
Consider the individual impact of variables 
before using the classifier (typically using a 

simple screening criterion)

• Variable RELEVANCE

• Variable REDUNDANCY

12



RELEVANCE

Max Difference Max Separation

13

1P1N 2P2N



Mutual Information –
an expression of redundancy
For two categorical variables X and Y:

(Equation cribbed from Wikipedia)

Probability that 
two classes are 
seen together in 
this dataset

14

Independent 
probabilities of each 
class

How much does knowing y tell us about the value of x (or vice versa?)

Also applicable to continuous variables (integrals)



1
2
3

4
5
6

Example: tRNA Sequences

15

     123…456
(1)  UCG…CGA
(2)  UUC…GAA
(3)  AUG…CAU
(4)  ACC…GGU
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     123…456
(1)  UCG…CGA
(2)  UUC…GAA
(3)  AUG…CAU
(4)  ACC…GGU

Col 1 vs col 4

I = 4[0.25 x log2(0.25 / 0.25)]

= 0
(complete independence)

Col 1 vs col 6

I = 2[0.5 x log2(0.5 / 0.25)]

= 1
(complete redundancy)



Minimum Redundancy – 
Maximum Relevance 

(MRMR)
• Minimum redundancy: select variables that are 
largely independent, as assessed by
● Low mutual information
● Minimal correlation
● Maximal Euclidean distance

• Maximum relevance: select variables that are 
good classifiers!

Peng H, Long F, Ding C (2005) Feature Selection Based on Mutual Information:
Criteria of Max-Dependency, Max-Relevance, and Min-Redundancy. IEEE Transactions
on Pattern Analysis and Machine Intelligence, 27:1226-1238. 17



MRMR aims to maximize either

(relevance – redundancy)

OR

(relevance / redundancy)

Using a greedy approach.

18



Wrapper Methods
Same idea as filter methods, but instead of having a quick 
screening process, feedback from the full classifier is used 
to select variables

Variable set

Modify variable 
set

Accuracy

19



Recursive feature addition

Recursive feature elimination

Best single 
variable

Accuracy

Re-rank, 
add next best

variable

Full variable set Accuracy

Remove 
least 

useful 
variable 20



Example: recursive 
feature elimination

21Gadalla et al. (2019) Sci Rep

• What factors are the best 
predictors of UTI?

• Try recursive feature 
elimination
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Messages:
- Small, interpretable sets – yay!
- The choice of classifier can make a BIG difference

Classifier

“Accuracy”

Gadalla et al. (2019) Sci Rep



Embedded methods
• Optimize variable set during model training

• Tend to be faster than wrappers

• Let’s think about univariate regression:

23(yes, from Wikipedia)

y = mx + b

y = mx + b + ε

Optimization:
choose m, b such that the sum of 
squared errors is minimized



Multiple regression
• General form:

• So many possible predictors!
● Plenty of opportunities to overfit
● Spurious relationships make it hard to interpret coefficients

24(yes, from Wikipedia)

Predicted value

For each predictor,
Coefficient (m) times value

For each predictor,
Error term



Two ways to deal with this
• LASSO: aggressively prune variables

• Linear penalty aggressively sets many coefficients to zero 
(equivalent to removing variables)

• Large λ: big penalty, fewer variables

25
https://www.analyticsvidhya.com/blog/2015/08/comprehensive-guide-regression/



• Ridge regression: penalize coefficients less aggressively

• Squared penalty aggressively sets many coefficients to zero 
(equivalent to removing variables)

• Large λ: big penalty, smaller coefficients (but more non-zero 
variables)

26

Two ways to deal with this

https://www.analyticsvidhya.com/blog/2015/08/comprehensive-guide-regression/



So
• Do you want to keep fewer variables (hard decisions) or 

more variables (weak decisions?)

• You can have it all with Elastic Net!

• λ1 + λ2 = 1

• Large λ1: stronger LASSO

• Large λ2: stronger ridge

27

Regression Ridge LASSO



Example: predictive value of 
gene expression in cancer
• mRNA-seq: sequence a random sample of the RNA 

expressed inside a set of cells

• Compare expression levels between two categories of 
subjects (e.g., cancer vs. control)

• Try out various combinations of LASSO + ridge

• How well do the trained models perform?

• How many genes are retained?

28
Jardiller et al (2020) BioRXiv
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C-index: a measure of concordance 
between predictions 
(more correlation that straight 
accuracy)

# of genes

Simple filtering method!

Lasso
ElasticNet
Adaptive
ElasticNet
Ridge
Plain regression

Jardiller et al (2020) BioRXiv



Renal carcinoma

30

Lasso

ElasticNet

Adaptive
ElasticNet

Jardiller et al (2020) BioRXiv



Feature Extraction
Try to condense n variables into < n derived 
variables or ‘metavariables’

Simple example: remove 1 of 2 identical 
variables from a data set

31



Principal Components 
Analysis (Pearson, 1901)
• Assume that there is (not necessarily complete) 

redundancy among variables in the data set

• We want to create metavariables that capture this 
redundancy

32
http://commons.wikimedia.org/wiki/File:Pudel_miniatura_342.jpg

MetapoodlePoodle vector 1 Poodle vector 2



The covariance matrix

AAAAAA AAAAAC AAAAAG

AAAAAA Var(AAAAAA,A
AAAAA)

Cov(AAAAAC,A
AAAAA)

Cov(AAAAAG,
AAAAAA)

AAAAAC Cov(AAAAAA,A
AAAAC)

Var(AAAAAC,A
AAAAC)

Cov(AAAAAG,
AAAAAC)

AAAAAG Cov(AAAAAA,A
AAAAG)

Cov(AAAAAC,A
AAAAG)

Var(AAAAAG,A
AAAAG)

C  
= 

33



Eigenvectors and eigenvalues
Diagonalize C using the matrix V

The eigenvectors capture shared elements of covariance 
from the original variables

The eigenvectors are mutually orthogonal 34

Matrix of 
eigenvectors

Diagonal matrix of 
eigenvalues

Covariance 
matrix



Graphical depiction of 
eigenvectors
for great understanding

First eigenvector captures 
most of the covariance 
(reflected in eigenvalue)

Second eigenvector captures the rest
(reflected in smaller eigenvalue)

35Variable #1
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Choosing components
Sort by eigenvalue

> > > > (…)

Component 1 captures the greatest 
amount of shared covariance from the 
original data (proportional to the 
corresponding eigenvalue) 

36



37Scree plot
http://commons.wikimedia.org/wiki/File:Carningli_scree_slope_-_geograph.org.uk_-_394198.jpg



Graphical view

38

Input: estimated bacterial 
species frequencies for 21 
mouse fecal samples

Plot of first two principal 
components (with % of 
variance explained)

Langille MG, Meehan CJ, Koenig JE, Dhanani AS, Rose RA, Howlett SE, Beiko RG (2014)
Microbial shifts in the aging mouse gut. Microbiome 2:50.



Loadings OR What am I 
Looking At?
The contribution of each variable to each component

Component 1 Component 2
AAAAAA 0.9 0.03
AAAAAC 0.8 -0.007
AAAAAG 0.84 0.01
... … …
GGACCT 0.02 0.15
GGACGA -0.01 -0.14

Limitation of feature extraction methods: 
what exactly is signified by component i? 39



Interpretation-friendly 
techniques
The component vectors can be collectively rotated to 
simplify the loadings

http://www.statsoft.com/textbook/stfacan.html 40



Summary
1. We can generate as many features as we want from 

DNA and protein sequences

2. Not all of these will be USEFUL or INDEPENDENT 
predictors

3. We should therefore reduce the complexity of the 
problem using good design and reduction methods


